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This report presents formulae ord data for the num-
erical evaluation of the double integral named in the title 
in the form
v 
 F(s ,s 
v
} , where numerical values 
 
for the weighting coefficients c 	 and the lattice points 
(s s 
v 
 ) are given. The method depends on a double Fourier 
series representation of F(x,y) in terms 0 = cos-1(1-2x) 
and 0 = cos-1  (1-2y); the lattice points S 2 s
v 
 are in fact 
at equally spaced intervals in 0 and 0. 
The method is particularly applicable to integration 
hare F has half-order singularities (qr zeros) along the 
borders of the region of integration; but it may also be 
adequate for the treat mnt of continuous functions F which 
are finite at these borders, (an accuracy of within less than 
1 per cent being then expected from the use of a 11 x 11 
lattice). Comments on applications of the formula to the 
evaluation of wave drag are given. 
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F 74. F(xsy) function of xsy in the double integral to be 
evaluated 
coefficient defined by equation (1) of Appendix 
I (0\ 	 integral defined by equation (8) of Appendix 
Et 
the double integral to be evaluated 
S(x) 	 cross-sectional area of body at fraction x of its 
length from nose 
b = 1 - 4  (8 	 8(...n))  
Pv 
m 
a 
weighting coefficients of integration formulae 
tabulated in section 2.1 for various usv and n. 
defined in section 3(m) 
weighting coefficients of integration formulae 
tabulated in section 2.2 
n  	
n u m b e r  
s p e c i f y i n g  l a t t i c e  s p a c i n g  i n  i n t e g r a t i o n  
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2 n  
x ? y  	
v a r i a b l e s  o f  i n t e g r a t i o n  
8  =  
1  i f  l a  =  v  =  
O f t "  µ  /  v .  T h e  K r o n e c k e r  d e l t a  
4 ( x )  	
n o n - d i m e n s i o n a l  u i n g  s e c t i o n  o r d i n a t e  a t  f r a c t i o n  
x  o f  i t s  c h o r d  f r o m  n o s e  
0  =  c o s
- 1  
 ( 1 - 2 x )  
n u m b e r s  c h a r a c t e r i s i n g  p o i n t  o f  e v a l u a t i o n  i n  
i n t e g r a t i o n  o r  i n t e r p o l a t i o n  s c h e m e .  
0  =  c o s - 1  
 ( 1 - 2 y )  
J L  
—  
t u  	 2  	 2 n  
•  
1 .  I n t r o d u c t i o n  
A  d o u b l e  i n t i g r a l  o f  t h e  t y p e  n a m e d  i n  t h e  t i t l e  
a p p e a r s  f o r  i n s t a n c e  i n  e x p r e s s i o n s  f o r  t h e  w a v e  d r a g  o f  
s l e n d e r  b o d i e s  a n d  o f  s w e p t  w i n g s  a n d  p r e s e n t s  s o m e  a i f f i c u l t y  
i n  i t s  e v a l u a t i o n ,  a s  t h e  f u n c t i o n  F ( x , y )  i s  o f t e n  o n l y  
k n o w n  e i t h e r  b y  i t s  n u m e r i c a l  v a l u e s  a t  d i s c r e t e  p o i n t s ,  o r  
e l s e  b y  a  c l o s e d  a l g e b r a i c  e x p r e s s i o n  r e n d e r i n g  f o r m a l  e v a l u a -
* i o n  t e d i o u s ?   i f  i n d e e d  p o s s i b l e .  F o r  t h i s  r e a s o n  n u m e r i c a l  
q u n d r a t u r e  i s  o f t e n  a  c o n v e n i e n c e ,  b u t  t h e  w e l l - k n o w n  f o r m u l a e  
f o r  t h e  e v a l u a t i o n  o f  d o u b l e  i n t e g r a l s  ( s u c h  a s  W e d d l e l s  R u l e )  
a r e  
i n a p p l i c a b l e  o w i n g  t o  t h e  l o g a r i t h m i c  s i n g u l a r i t y  i n  t h e  
i n t e g r a n d .  W e  p r e s e n t  h e r e  a  m e t h o d  f o r  i t s  a p p r o x i m a t e  
n u m e r i c a l  e v a l u a t i o n  w h i c h  d e p e n d s  e s s e n t i a l l y  o n  t h e  r e p -
r e s e n t a t i o n  o f  t h e  f u n c + i o n  F ( x 0
y )  i n  t e r m s  o f  a  f i n i t e  
d o u b l e  F o u r i e r  s e r i e s ,  w h i c h  c a n  b e  s h o w n  t o  b e  e q u i v a l e n t  
t o  i t s  e x p r e s s i o n  a s  a  p o l y n o m i a l  i n  x  a n d  y  d i v i d e d  b y  
)  ' ( 1 - x ) ( 1 - y ) .  
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This form of representation is evidently particularly 
suitable where F(x,y) has half-order singularities (or zeros) 
at the boundaries of the region of integration, which is same-
times so, but aamittedly would introduce unnecessary errors 
where such conditions are not met. For this reason, the 
quadrature formulae quoted are tested for a particular example 
of the latter category, where the function F is a constant 
over the range of integration. This probably represents the 
most severe test possible, implying as it does the represent-
ation of (sin e) over a half period 0 <0 .<:; by a finite 
cosine series. 
The integration formulae are quoted in the form 
,---11 	
"
n-1 	 nr. i 
1 1 	 7 - ---1 	 '' - - ----/ 
F(x,y) Zn 1-1---J dx dzr .--1-! 	 -> 	 -.' . c 	 F ( s ,s ) t 	 x-yi 	 e. , ___ , 	 .,. — N 	 [Iv 	 p. - V i 	 ; 	 p.=-n+1 1)=-n1-1 	 " t) o ;.; o 
Ir 
	 sin where 	 S = 	 , 	
s-"" 2n 
.L.2 
Using an 11 x 11 -poirt lattice (i.e. n = 6), and putting F 
equal to a constant, the error is less than one per cent of the 
exact value. The numerical value is less than the true one 
the precise error with this and other lattice spacings is 
tabulated below. 
n lattice points 
error as 
percentage of exact 
value 
1 	 x 1 32.71 
2 3 x 3 6.45 
3 5 x 5 2.91 
4- 7 x 7 1.66 
5 9 x 9 1.07 
6 11 	 x il 0.75 
For the reasons stated above, it is to be expected that 
accuracy in relation to functions F which have half-order 
/singularities 
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s i n g u l a r i t i e s  o r  z e r o s  o n  t h e  b o r d e r s  o f  t h e  r e g i o n  o f  
i n t e g r a t i o n  w o u l d  b e  c o n s i d e r a b l y  b e t t e r .  
F u l l  d e t a i l s  o f  t h e  m e t h o d  o f  c a l c u l a t i o n  a n d  t h e  
v a l u e s  o f  t h e  w e i g h t i n g  c o e f f i c i e n t s  c  
v  
 a r e  g i v e n  i n  t h e  
n e x t  s e c t i o n .  T h e  m a t h e m a t i c a l  d e r i v a t i o n  o f  t h e  f o r m u l a e  
i s  t r e a t e d  i n  t h e  A p p e n d i x .  T h e  t h i r d  s e c t i o n  c o n c e r n s  t h e  
e v a l u a t i o n  o f  s u c h  i n t e g r a l s  w h e r e  t h e  l i m i t s  a r e  n o t  b e t w e e n  
z e r o  a n d  u n i t y ,  a n d  t h e  n e x t  s e c t i o n  c o n c e r n s  s o m e  s i m p l i f i c -
a t i o n s  r e s u l t i n g  f r o m  s y m m e t r i e s  i n  t h e  f u n c t i o n  F ( x , y ) .  
F i n a l l y  s o m e  c o m m e n t s  a r e  m a d e  c o n c e r n i n g  t h e  a p p l i c a t i o n  o f  
t h e  f o r m u l a e  t o  t h e  e v a l u a t i o n  o f  w a v e  d r a g ,  b y  w a y  o f  e x a m p l e .  
2 .  F o r m u l a e  f o r  N U m e r i c a l  I n t e g r a t i o n  
T h e  a n a l y s i s  o f  A p p e n d i x  I  l e a d s  u s  t o  d i s t i n g u i s h  
b e t w e e n  t w o  c o n d i t i o n s  n  t h e  b e h a v i o u r  o f  F ( x , y ) ,  w h i c h  i s  
a s s u m e d .  b o u n d e d  e v e r y w h e r e  i n s i d e  t h e  r e g i o n  o f  i n t e g r a t i o n .  
T h e  d i s t i n c t i o n s  a r i s e  f r o m  t h e  p r e s e n c e  o r  a b s e n c e  o f  s i n g u -
l a r i t i e s  i n  F ( x , y )  o n  t h e  b o u n d a r i e s  o f  t h e  r e g i o n  o f  
i n t e g r a t i o n .  
2 . 1 .  T h e  f u n c t i o n  F ( x , y )  b o u n d e d  o v e r  t h e  c o m p l e t e  r e g i o n  
o f  i n t e g r a t i o n  
E q u a t i o n s  ( 1 0 )  a n d  ( 1 2 )  o f  A p p e n d i x  I  s h o w  t h a t  
; . ‘ 1  	
! ' . 1  
	
1 1 . . 1  	 r k - 1  
1  
	
L - 1
- 1  
 d x  d y =
1 -
7 5  
	
Z r ' 7 '   
- - - -  . . .  c  
	
F ( s  
1  
s  )  
x - y ?  
	
1  	
v  
i  	
1 1 = - n + 1  9 = - n - 1 - 1  
t .  o  - i  o  
1  
w h e r e  	
s  =  7  ( 1  +  s i n  r = -*  	
T h e  c o e f f i c i e n t s  c  
1  	 z  ,  	
2 n ;  	
L A I )  
( t o g e t h e r  w i t h  n u m e r i c a l  v a l u e s  o f  s  
1 - 0
s  
v
)  a r e  g i v e n  b e l o w  
f o r  n  =  2 ( 1 )  6 .  I t  
w i l l  b e  o b s e r v e d  t h a t  
c  	
=  c  
a n d  
	
=  c ( - 0 ( - v )  
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so that out of each array of (2n-1)2  coefficients]  arranged 
in a scruarel  only n2 are different, and these appear in each 
of the four triangular parts of the array formed by and 
including the diagonal elements. 
It will also be seen that the lattice points s $ s 
v 
are at equally spaced in terms of 0 and 0 where 
0 = cos-1(1-2x), 	 0 = cos-1  (1-2y), 	 (0 	 6,0 	 ; 
so that it is convenient to suppose that F(x,y) E f(0,0), say, 
in which event 
F(S 	
9 
= f / 4 LLt 	 v7c) 
2 2n 7 4- 2n 
The lattice points corresponding to the values 1.i = + n, or 
v = + n lie on the boundaries of the region of integration, 
and the values of F (and so of f) at these points are not 
used in the integration schemes. Given F in terms of 
numerical data at discrete points which de not coincide with 
the lattice points, its values required in the integration 
scheme would have to be found by interpolation; whether or 
not this can more easily be accomplished using 0 and 0 as 
independent variables, or interpolatingwith respect to x and 
y, depends of course upon the nature of the derivation of the 
function F. 
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•  	 •  
	
n  
0  0  0  0  0  0  0  0  0  0  0  
0  
O  
r n-  
C O  0  k _ r )  n
. . 0  C D  N 1  - d "  - 1 "  C N  k
- D  
,-  
. . . . +  C O  C V  C V  u 1  4  L C 1  0  0  0  
r  C V  L C 1  C C )  L C )  0 1  r  
c . r .  1 . . r \  c v  
' . 0  
0  0  0  0  r  r  N
- 1  - - ±  C V  1—  0  
0  0  0  0  0  0  0  0  0  0  0  
•  0 1  
	
n  	 •  	 0  	
•  	 •  	 •  	 •  	 •  •  
C  0  0  0  0  0  0  0  0  0  
C o
e f
f i
c i
e n
t s
 
 
L r 1  
O  
C i.   c  	
,  
	
r - -  C r s ,  	
o  
8  	
Z 'sq  	
0  C . 1  
o  
8  
0  0  8  8  8  
	
E .  ' 6  E  
•  •  	
•  	 •  	 •  
	
•  	 •  	
•  
	 •  
0  0  0  0  0  0  0  0  0  0  0  
8 1  
0  
f .  
0  
0  
1 ,
- -  L C )  0  I ' e 1  
	
L C \  ‘ r i  0  
	
T
- -   
(7 3  	
1 8 -  . 7_  
cL Es -i ,  	
L . c )   o  
	
nr )  	
N -  I C )  
0 4
6  0  0  0  0  0  0  0  0  0  
0  0  0  0  0  0  0  0  0  0  0  
•  •  	
•  	
•  
	
•  	 •  	
•  
0  0  0  0  0  0  0  0  0  0  0  
L r \  	 t c ' s  N  r  
0  r  N  t ' e l  	
L r  \  
	
1  	 1  	 1  	 1  	
1  
0  
 
N T h  
	
r - -  
C O  [ ' e l  1 4
-
1  / - C 1  C V  
	 1 " -
•  
L C 1  — 1
-   \ O  r  
C - j " .  C 1  C O  r - -  k . . 0  1 - 1
-1  t4 1  C V  • % -  0  0  
C !  	
•  	 •  	 •  	 •  	 •  	 •  	 •  	
•  	 •  	 v  
0  0  0  0  0  0  0  0  0  0  
1  
0  - - : - ;  - - -  0  
r  r ` - - .  
r - r ‘  
4 -   u l  r - -  0  
N _  r - -  ' L E N  
C O  G 1  
c v  h -  
0  1 ' 7  0  O N  
0  r  C V  l r \  t r l  I ' '- .
1  0  1 : 1  
- T  	
U - 1  
0  0  Q  0  0  r  C V  ( V  i ` r 1  
	
0  
0  0  0  0  0  0  0  0  0  0  0  
O  o  0  
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2.2 The function F(x,v) with half-order sinFularities  
at the boundaries of the re ion of integration, but  
bounded over the interior of the region  
Equation (11) of Appendix I shows that, under the 
stated conditions of the heading, 
T 14  ,...;4 ., 
i F(x,y) In 1
1 
 -- 
	 dx dy=an ^"..:: 	 --' c 	 F(s ,s) 
c.,o Jo 	 p=-n v=-n 
where s and the values of c 	 for -n < p, v<im are 
as given in the previous section. But if p or v = ± n, we 
must interpret 
c F(ssv 
	 v 
) M d linlim Lxy(1-x)(1-y) F(x0y)1 
1-L 
and the coefficients d 	 are tabulated below for n = 6. 
Again it is found that a symmetry exists for the coefficients 
dPv such that 
d v  = d vp 
and 	 = d(-11)(-v) 
so that it is necessary only to q
uote  any for -nc v n• * 
evidently 
d 	 = 
/11A 
d(-n)v = 
and di(-n) = ah(_0  
Table of values of 	 div 	 for 	 n=6 
v 	 -6 
-5 -4. -3 -2 -1 0 
a
nv 
	 1 0,12796 0.15048 0.08962 0.06804. 0.04562 0.03300 0.02210 
1 
d:I., 	 0.02026 1 
2 3 4 5 	 6 
-0.00261-0.00077 0.00828 0.00700 0.00082 
s 
3 .  
I  o  c l  i f  i c  a t  i o n  w h e r e  i n t e i w a t i o n  
	
a r e  a l t e r e d .  
A  s i m p l e  s u b s t i t u t i o n  w i l l  s h o w  t h a t ,  i f  b >  a ,  
0  o b  	
; 0  p i  
1  	 1  	
G ( x , y ) / n  1 . i
. .1
7 1  d x  d y  =  - 7 r - . : 7 . \ 2  1  	
1  
F ( x , y )  
	
1 7.
7 1  a x  d y  
- )   
)  	
1  
	 I  	 I  
L i  
a  i . . . i  a  	
L  o  
	 o  
i n ( b - a )   
F ( x , y )  d x  a Y  
( b - a ) 2  
0  o  
w h e r e  	
F ( x , y )  =  G  ( b - a ) x + a ,  ( b - a ) y + a l  
T h e  f i r s t  i n t e g r a l  o n  t h e  r i g h t - h a n d - s i d e  m a y  b e  e v a l u a t e d  b y  
t h e  m e t h o d  o f  t h e  p r e v i o u s  s e c t i o n .  A n  a n a l y s i s  s i m i l a r  t o  
t h a t  u s e d  i n  t h e  A p p e n d i x  I  s h o w s  t h a t  t h e  s e c o n d  d o u b l e  
i n t e g r a l  
[ 1 1  
2  	
+ n  	 + n  
F ( x 0
y ) d x  d y  =  	
- - - -  	
b  	 l i m  l i m  i / V (
1 - x ) ( 1 -
Y )  F ( x 3 Y )  I  
/ 1 . 2  	 - . 4f :  
. )  	
1 6  	
p = - n  v = - n  
w h e r e  b
p v  
 =  
4  i f  p  a n d  
v  +  n ;  b
p v  
 =  2  i f  e i t h e r  p  o r  v  =  +  n ;  
a n d  b  =  1  i f  b o t h  p  a n d  v  =  +  n .  ( T h e  l i m i t s  i n  t h i s  d o u b l e  
s u m  o n l y  r e q u i r e  i n t e r p r e t a t i o n  i f  p  o r  v  =  +  n ) .  U s e  o f  t h i s  
f o r m u l a  c a n  b e  c o n v e n i e n t  p a r t i c u l a r l y  i f  F  h a s  h a l f - o r d e r  
s i n g u l a r i t i e s  o r  z e r o s  a t  t h e  e d g e s  o f  t h e  r e g i o n  o f  i n t e g r a t i o n ,  
a s  i t  i n v o l v e s  d a t a  w h i c h  i s  r e q u i r e d  t o  e v a l u a t e  t h e  d o u b l e  
I n t e g r a l  c o n t a i n i n g  t h e  l o g a r i t h m i c  s i n g u l a r i t y .  O t h e r ,  a n d  
m o r e  a c c u r a t e ,  m e t h o d s  m a y  o f  c o u r s e  b e  u s e d  t o  e v a l u a t e  t h e  
s e c o n d  d o u b l e  i n t e g r a l  i f  i t  i s  n o n - s i n g u l a r .  
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4. Simplification resultinr; from particular symmetries in F(x,y)  
(i) If F(x y) = F(y,x) we see from the previous sections 
that as 	 = c 
	
+n 	 +n 	 +n 
C 	 F(s Is ) = 	 F(s ,s ) v  
[1=-n 	 p=-n v=-n 
where 	 c = (2-8 )0 1 n' 
	 1.11)  
and where 
8 = 1 if 	 = v, = 0 if p. / v is the Kronecker delta. 
Thus instead of a square lattice of points at which the function 
F(s os
v 
 ) has to be evaluated, only the terms in a triangular 
 
lattice formed by and including the diagonal elements on µ = v 
need be used. Thus for n = 3, and a function F bounded 
over the entire region of integration, we find that instead of 
the array of 5 x 5 terms given in 62.1, the triangular array 
for the coefficients c $ 
V 
-2 -1 0 1 	 2 
2 0.0625 
1 0.1599 0.1110 
0 0.2035 0.1844 0.0494 
-1 0.1599 0.1844 0.0594 0.0288 
-2 	 0.0625 0.1110 	 0.0494 0.0288 	 0.0016 
of 15 terms suffices. Similar tabulations may easily be 
constructed for other values of n. 
(ii) If F(x,y) = F(1-x,y), then as s = 1 - s (-0 
+n +n 
'''''' :5. 
e.:::_ N 
v=-n 
c 	 F(s , s ) 
I-1v 	 lal 	 v 
= 
n 
=c-z-. , 
- 
....2.1, 
p•=o 
n 
--- v 
----, 	 oc 	 F(sH.,sv) 
.e..., 
	 2 	 1-1, v 
vin 
-'---.Y  
1, 
i1=-n 
where 2clAv = 	 +(1-81.10) c(_01, • 
- 1 3 -  
H e r e  t h e  s q u a r e  l a t t i c e  i s  r e p l a c e d  b y  a  r e c t a n g u l a r  l a t t i c e  
f o r m e d  b y  a n d  i n c l u d i n g  t h e  e l e m e n t s  a l o n g  p  =  0 .  T h u s  a g a i n ,  
f o r  n  =  5 ,  a n d  a  f u n c t i o n  F  b o u n d e d  o v e r  t h e  e n t i r e  r a n g e  
o f  i n t e g r a t i o n ,  t h e  r e c t a n g u l a r  a r r a y  f o r i s  
e  p v  
v  
0  
+ 1  
+ 2  
2  
0 . 0 2 4 7  
0 . 0 6 9 9  
0 . 0 6 3 3  
1  	
0 . 0 9 2 2  
0 . 1 8 9 6  
0 . 0 6 9 9  
0  	
0 . 2 0 3 5  
0 . 1 8 4 4  0 . 0 4 9 4  
- 1  	 0 . 0 9 2 2  
0 . 1 8 9 6  
0 . 0 6 9 9  
- 2  	
0 . 0 2 4 7  
0 . 0 6 9 9  
0 . 0 6 3 3  
w h i c h  i s  a g a i n  o f  1 5  i n s t e a d  o f  2 5  t e r m s .  
( i i i )  
I f  F ( x , y )  =  F ( x „ 1 - y )  t h e n  s i m i l a r l y  
+ n  + n  	
n  	
n  
. . . - - -" ' ' 37   S - C - ' :/   c  
	
F ( s  -  )  -  " ` = - - - - 7  '
-‹ . 7  7 c  	
F ( s  o `  
v )  
5 , , ,  	
V  	
1 . 1  	 V  	
1 - 1  	 V   
0   
i = - n  v = - n  	 p = - n  v = o  
w h e r e  
c  	
=  c  
	
( 1 - 8  ) c  
	 \  
3  P . v  	
o v  m - v )  
a n d  a g a i n  t h e  s q u a r e  l a t t i c e  i s  r e p l a c e d  b y  a  r e c t a n g u l a r  o n e  
d i v i d e d  n o w  a l o n g  t h e  e l e m e n t s  v = o .  
( i v )  
I f  F ( x , y )  =  F ( 1 - x , y )  =  F ( x , 1 - y ) ,  w h i c h  i s  a  c o m b i n a t i o n  
o f  t h e  c o n d i t i o n s  ( i i )  a n d  ( i i i )  a b o v e ,  t h e n  
+ n  	
1 1 -  
V   
F ( s  
P .  
 , s
v  
 )  =  	
F ( s s
v
)  
-
e <   
- n  	
i 4 = 0  V 1 7 0  
i = - n  v =  
w h e r e  4 c  	 =  1 1  	
p o  
( 1 - 8  ) 0
- 8  
o v _  
	 v  
	 `  
)  1  c  	
(
2
- g o o  
 -  5
o v  
 )  c ,  \  
i   
T h e  l a t t i c e  u s e d  i s  n o w  t h e  s q u a r e  f o r m e d  b y  a n d  i n c l u d i n g  t h e  
e l e m e n t s  o n  p  =  0  a n d  v  =  0 .  T a k i n g  t h e  s a m e  e x a m p l e  a s  
b e f o r e  t h e  n i n e  c o e f f i c i e n t s  c  
4  
p v  f o r  n  =  3 ,  
a n d  w i t h  a  
f u n c t i o n  F  b o u n d e d  e v e r y w h e r e ,  a r e :  
,-, 
1: 	
-, 
0 1 2 
2 0.0494 0.1398 0.1266 
1 0.1844 0,3792  0.1398 
0 0.2035 0.1844 0.0494 
Other tabulations for different n can quickly be assembled. 
(v) If the conditions (i) and (iv) are both satisfied, 
further reduction is possible. For then 
F(s 0s ) = 	 rc 	 F(s s ) 
p.=-n v=-n 	 u=o v=o 
vihere 
	 500 
 = (2-owl ) 400, 
Thus in the previous example only 6 coefficients c
v 
 are now 
 
needed 
v 
0 1 2 
2 0.1266 
1 0.3792 0.2796 
0 0.2035 0.3688 0.0988 
Taking n = 6, and the function F bounded over 
the range of integration the square array of 11 x 11 coeffic-
ients c
4v 
 can be reduced to a triangular array of 21 coeffic-
ients 501_4v subject to the stated conditions; these are 
tabulated below, 
0  1  
2  
3  
4  
5  
5  
0 . 0 1 1 5 6  
24 -  
0 . 0 5 3 5 4  
0 . 0 2 8 3 8  
3  
0 . 0 7 4 - 6 4 .  
0 . 0 7 1 2 4 .  
0 . 0 2 6 4 0  
2  
0 . 1 1 5 6 0  0 . 1 2 3 3 6  
0 . 0 5 8 2 8  
0 . 0 2 0 7 6  
1  0 . 1 6 0 8 4  0 . 1 8 6 7 6  	 0 . 0 9 8 5 6  	
0 . 0 6 1 9 6  
0 . 0 2 4 5 2  
0 . 0 6 3 5 9  
0 . 1 4 3 1 6  
0 . 0 7 3 3 2  '  0 . 0 5 3 0 3  
	
0 . 0 2 6 9 6  
	
0 . 0 1 3 7 6  
( v i )  I f  F ( x , y )  =  -  F ( 1 - x l y ) ,  t h e n  
w h e r e  
c
1 1  
F ( s  
1 - 1  1
s  	
F ( s  
E -t
)  
V  	
V
)  	 e c  
4  V  	
1 s   V  
1 1 = - n  v = - n  
	
= 1  v = - n  
6 c p v  =  c p v  c
(  
-1
)  
v  
H e r e  t h e  s q u a r e  l a t t i c e  i s  r e-
o l a c e d  b y  a  r e c t a n g u l a r  l a t t i c e  
f o r m e d  b y ,  b u t  n o t  i n c l u d i n g  t h e  e l e m e n t s  a l o n g  p  =  0 .  T h u s  
f o r  n  =  3  a n d  a  f u n c t i o n  F  b o u n d e d  o v  r  
t h e  e n t i r e  r e g i o n  
o f  i n t e g r a t i o n  
t h e  n o n - v a n i s h i n g  c o e f f i c i e n t s  0  
e c p . v  a r e  8  i n  
n u m b e r ,  a n d  c a n  b e  c a l c u l a t e d  a s t  
2  
1  
0  
- 1  
2  
=  
1  
0 . 0 6 1 7  
0 . 0 4 . 1 1  
0 . 0 4 1 1  
0 . 1 3 0 2  
0  
0  
- 0 . 0 4 . 1 1  
.  - 0 . 1 3 0 2  
1  	 2  
T - 0 . 0 6 1 7  
- 0 . 0 4 1 1  
( v i i )  S i m i l a r l y  i f  F ( x , y )  =  -  F ( x s 1 - y ) ,  t h e n  
n  
n  
" - : . . ; 1  -
< 1   
, c  F ( s  0  )  =  
, - - - - -
1 ,  4 1 )  
	
1 - 1  	 V  
1 1 = - n  [ 1 = - n  	 1 . L = - n  v = 1  
n  ,  _ , A ,,  
' ' ' - ,  	
c  	 F (  	
, s  
	 )  
. . . .  	 •  
. . - -  _  
	 7 µ v  	
1 - 1  	 1)  
C m . . . - . - . 4  
' . " - - -. . :  
. . • - -  	 .  
- _ _ _ _  
s  
w h e r e  
=   
7  p . v  	
c g - v )  
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(viii) If conditions (vi) and (vii) both apply then z'.s 
= 0(-0(-v) 
n 	 n n 
..cr., 	 --- 	
'''7 • --7' 
--"" 	
7
> 	 C F(S pS ) = --"N --- 00 	 F(S ,s ), where 
..-__N. 	 vv 	 v v 	 ‹. .d.-71'; u° ;Iv 	 P v 
v=-n v=-n 	 p=i v=1 
8 c vv = 2 I6 c v) 	 For the example quoted before the 5 x 5 
square lattice of coefficients is now reduced simply to a 
2 x 2 lattice. 
(ix) If conditions (i) and (viii) both apply, thens 
- ....:7 <-7-7 
'"--,, 
,_
C 	 F(S 1SV 	 Pv ) = 	
C 	 F(S 0
v 
 ) 
<1_ !IV 	 il  11=-n v=--n 	 v=1 v=1 
where 	 cpv  = 2(2-5pv) 6cpv  
In the example for n=3 and a function F bounded everyJhere, 
the number of coefficients 9cµ1)  is now only 3 givenyby 
Taking n = 6, and the function F bounded over the 
range of integration the square array of 11 x 11 coefficients 
clsv can be reduced to a triangular array of 15 coefficients 
9c!Iv subject to the stated conditions, these are tabulated 
below. 
- 1 7 -  
v  
1  
2  
3  
4  
I  
5   
5  
0 . 0 1 0 3 8  
4 .  0 . 0 3 6 8 6  0 . 0 2 8 4 8  
3  
0 . 0 6 4 3 6  
0 . 0 5 7 3 2  
0 . 0 2 0 8 0  
2  
0 . 0 8 2 5 6  0 . 0 7 6 9 6  0 . 0 3 8 / 4  
0 . 0 1 9 7 2  
1  
0 . 0 4 0 7 2  
0 . 0 6 4 6 8  
0 . 0 6 7 2 8  
0 . 0 2 5 3 2  
0 . 0 0 3 8 8  
5 .  
L a l i c a t i o n s  i n  A e r o d y n a m i c s  
A s  m e n t i o n e d  i n  t h e  
i n t r o d u c t i o n  t o  t h e  p a p e r  i n t e g r a l s  
o f  t h e  t y p e  r e f e r r e d  t o  i n  t h i s  n o t e  a p p e a r  i n  f o r m u l a e  f o r  t h e  
w a v e  d r a g  a t  s u p e r s o n i c  s p e e d s .  T w o  p a r t i c u l a r  a p p l i c a t i o n s  
c a n  b e  q u o t e d :  w i t h  
F ( x , y )  =  
V ( x )  V ( Y )  
t h e  i n t e g r a l  a p p e a r s  i n  t h e  e x p r e s s i o n  f o r  t h e  w a v e  d r a g  o f  a  
s w e p t  w i n g  o f  i n f i n i t e  s p a n  w i t h  s u b s o n i c  l e a d i n g  e d g e s ,  a n d  
w i t h  a  s e c t i o n  w h o s e  t h i c k n e s s  i s  t  a n d  w h o s e  o r d i n a t e s  a r e  
z  = : i t ( x )  a t  a  f r a c t i o n  x  o f  t h e  
c h o r d  f r o m  
t h e  n o s e .
1  
T h e  
p r e s e n t  i n t e g r a t i o n  f o r m u l a e  a r e  
p a r t i c u l a r l y  
s u i t e d  t o  e v a l u a -
t i o n  o f  s u c h  i n t e g r a l s  w h e r e  t h e  s e c t i o n  l e a d i n g - e d g e  a n d  
t r a i l i n g  e d g e  a r e  e i t h e r  r o u n d e d  o r  c u s p e d ,  b e c a u s e  t h e  f u n c t i o n  
z '  ( x )  h a s  
t h e n  h a l f - o r d e r  s i n g u l a r i t i e s  a t  x  =  0  o r  1 .  W h e r e  
s u c h  c o n d i t i o n s  a r e  s a t i s f i e d  i t  i s  f o u n d  t h a t  t h e  f o r m u l a e  
g i v e n  a b o v e  y i e l d  e x a c t  v a l u e s  i n  c o m p a r i s o n  w i t h  a l l  s i m p l e  
e x a m p l e s  w o r k e d  e x a c t l y  ( b y  f o r m a l  i n t e g r a t i o n )  m e r e l y  b e c a u s e  
t h e  f o r m  o f  t h e  i n t e r p o l a t i n g  f o r m u l a  ( u s e d  i n  d e r i v i n g  t h e  
p r e s e n t  m e t h o d )  d e s c r i b e s  t h e  s e c t i o n  s h a p e  e x a c t l y .  W h e r e  
s u c h  c o n d i t i o n s  a r e  n o t  n e t  o n l y  a  f e w  
e x a m p l e s  h a v e  
b e e n  
c a l c u l a t e d  b y  
e x a c t  
m e t h o d s :  o n e  i s  f o r  t h e  b i c o n v e x  w i n g  
s e c t i o n ,  w h i c h  c o r r e s p o n d s  t o  
V ( x )  =  4 ( 1 - 2 x ) ,  a n d  F ( x , y )  =  1 6 ( 1 - 2 x ) ( 1 - 2 y ) .  
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In this example 17(x,y) is finite (and non-zero) at the 
borders of the region of integration: use of the integration 
formula with n = 6 then provides a result too small by a 
little less than 1 per cent. Application to sections with 
round noses and angular trailing-edges (so that V has the 
half-order singularity at one end of the range of integration 
only) has been found to provide answers correct within less 
than 0.1 per cent; the same order of accuracy is also attain-
able for the treatment of sections with one cusped edge. The 
method is certainly not applicable to the evaluation of 
integrals where F (although bounded) has discontinuities: 
thus, in the application under discussion, if 
V(x) = 2 sgn(1-2x)„ 
corresponding to the double edge section, the integration 
formula provides too small an answer by some 10 per cent. 
The second application which comes to mind is in the 
evaluation of the expression for the wave drag of certain 
classes of slender bodaes2  where in our notation an integral 
with 
F(x,y) = Sr' (x) SII (y) 
appears, S(x) denoting the body cross-section area at a 
fraction x of the length from the nose. The integration 
formula quoted here are particularly applicable if S' (x) can 
be represented by a finite sine series in 0, where 
0 = cos-1(1-2x), because then the function F(x,y) has half-
order singularities or zeros along the borders of the region 
of integration (as is assumed in the method for numerical 
integration). Many shapes of body, which have been derived 
to provide minimum drag under stated conditions, fall within 
this category, and likewise those obtained closely approximating 
to them. On the other hand may body shapes - such as 
ellipsoids, or those with parabolic meridian sections - have a 
cross-sectional area distribution S(x) which is represented 
b y  a  p o l y n o m i a l  i n  x ,  a n d  w h i c h  i s  e q u i v a l e n t  t o  t h e  e x p r e s s i o n  
o f  S '  ( x )  b y  a  c o s i n e  s e r i e s .  A p p l i e d  t o  s u c h  s h a p e s  t h e  
i n t e 2 T a t i o n  f o r m u l a  a r e  a c c u r a t e  o n l y  w i t h i n  a b o u t  1  p e r  c e n t ,  
e v e n  w i t h  n  =  
6 :  
t h i s  i s  i n  d i r e c t  a n a l o g y  t o  t h e  r e s u l t s  
q u o t e d  a b o v e  f o r  w i n g  s e c t i o n s  w i t h  a n g u l a r  e d g e s .  L i k e w i s e
.,  
t o o ,  t h e  f o r m u l a  a r e  i n a p p l i c a b l e  w h e r e  S "  ( x )  i s  d i s c o n t i n u o u s  
( i . e .  w h e r e  t h e  b o d y  h a s  d i s c o n t i n u i t i e s  i n  c u r v a t u r e ) .  
I t  i s  u n d e r s t o o d  t h a t  w o r k  
o n  s i o i l a r  l i n e s  
t o  t h a t  
u n d e r  p r e s e n t  d i s c u s s i o n  h a s  b e e n  u n d e r t a k e n  a t  t h e  R o y a l  
A i r c r a f t  E s t a b l i s h m e n t ,  F a r n b o r o u g h ,  i n  r e l a t i o n  t o  t h i s  
a p p l i c a t i o n  t o  t h e  w a v e  d r a g  o f  s l e n d e r  b o d i e s .  
	 T h e  
a c c u r a c y  q u o t e d  f r o m  t h e i r  p r e l i m i n a r y  e x a m p l e s  
d o e s  n e t  s e e m  
a s  c l o s e  a s  t h a t  
o b t a i n e d  f r o m  t h e  u s e  o f  t h e  a b o v e  f o r m u l a e *  
t h i s  i s  p r o b a b l y  d u e  t o  t h e  f a c t  t h a t  t h e  d o u b l e  d i f f e r e n t i a t i o n  
o f  S ( x )  t o  o b t a i n  S 1 1 ( x )  i s  
i m p l i c i t l y  
a c c o m p l i s h e d  i n  
t h e i r  t e c h n i q u e ,  a s  a  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  o f  S ( x )  
i s  u s e d  t o  f i t  i t s  v a l u e s  a t  s t i p u l a t e d  p o i n t s ,  a n d  n o t  o f  
S "  ( x ) .  N u m e r i c a l  d i f f e r e n t i a t i o n  b y  r c i u r i e r  s e r i e s  i n t e r -  
p o l a t i o n  i s  k n o w n  t o  b e  a  r e l a t i v e l y  i n a c c u r a t e  d e v i c e .  T h i s  
s o u r c e  o f  e r r o r  d o e s  n o t  a p p e a r  i n  t h e  e x a m 7 a e s  a u o t e d  h e r e ,  
a s  n o  a t t e n t i o n  h a s  b e e n  p a i d  t o  t h e  p r o b l e m  o f  d e r i v a t i o n  o f  
S "  ( x )  g i v e n  o n l y  n u m e r i c a l  d a t a  f o r  S ( x ) )  
 w h i c h  o f  c o u r s e  
o f t e n  a r i s e s  i n  p r a c t i c e .  
T o  s u m  u p ,  i n  a e r o n a u t i c a l  a p p l i c a t i o n s  w h e r e  F ( x l y )  
i s  s e p a r a b l e  a s  f '  ( x )  
f '  ( y ) ,  
s a y ,  t h e  
i n t e g r a t i o n  f o r m u l a e  
h a v e  b e e n  f o u n d  q u i t e  
s a t i s f a c t o r y  w h e r e  f '  ( x )  i s  k n o w n  a n d  
h a s  h a l f - o r d e r  s i n g u l a r i t i e s  ( o r  z e r o s )  a t  x  =  0  a n d / o r  1 .  
T h e r e  f l ( x )  i s  f i n i t e  b u t  n o n - z e r o  a t  t h e s e  e n d  
p o i n t s ,  a n  
a c c u r a c y  o f  a b o u t  1  
p e r  c e n t  ( i f  t h e  f o r m u l a e  r e l e v a n t  t o  
n  =  6  
a r e  u s e d )  i s  a l l  t h a t  c a n  b e  a n t i c i p a t e d .  
-20- 
In the failing cases, which certainly include those 
where f'(x) is discontinuous at interior points of 0 rf_-. x <1, 
the work of Iegendre3 
 may be of particular use. In this he 
reduces the double integral of the type under consideration to 
one with a bounded integrand, together with a line integral 
(and other terms if f(x) is discontinuous); this new double 
integral may be treated by -cireddle's Rule, or another similar 
formula. The flexibility of this Rule, in allowing arbitrarily 
close spacing of lattice points at which the integrand is 
evaluated, together with the fact that it is f(x), and not 
f'(x), which appears in the finite integrand derived by 
Legendre,*  commend this method. Weddle's Rule is strictly 
speaking not in this connection applicable if f'(x) has 
half-order singularities or zeros at the end points of the range 
of integration, but as has been pointed out, the method herein 
described is then quite adequate and probably rather simpler to 
apply. 
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value of the integrand along x = y. 
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A L -  i
i - T h A D I X  
D e r i v a t i o n  o f  I n t e g r a t i o n  F o r m u l a  
W e  s u p p o s e  t h a t  t h e  f u n c t i o n  F ( x , y )  i s  e x p r e s s i b l e  
i n  t h e  f o r m :  
F ( x , y )  =  =  n _ r  '  F  
	
s i n  2 a 0  s i n  2 n 0   
u v  
p = - n  v = - n  
	 ( c o s  F  - c o s  0 )  ( c o s  7 .  
9
- c o s  0 )  
w h e r e  n ,  p ,  a n d  v  a r e  i n t e g r a l ,  F c o n s t a n t  a n d  
P v  
0  	
- 1  	
- 1  	 l •  
=  c o s  	
( 1 - 2 x ) ,  	
=  c o s  ( 1 - 2 y ) ,  
	 t y 1 _ 1   =  7  	
p  
	 ( 2 )  
U s i n g  t h e  i d e n t i t y :  
	
s i n  2 n 0  	
2 ( - 1  ) n + µ  . z . a n ,  
- - -  	
- - .  b
k - n  	
P .  
c o s  k  4 - '  c o s  k 0  
_  
c o s  
 V
- '  -  c o s  0  	
s i n  0  
P  	
k = o  
	 ( 3 )  
w h e r e  b  =  1  f o r  p  +  n ,  a n d  b  =  *  f o r  p  Y  +  
i t  w i l l  b e  s e e n  t h a t  [ ; i n  0  s i n  0  F ( x , y ]  i s  r e p r e s e n t e d  a s  a  
f i n i t e  F o u r i e r  d o u b l e  c o s i n e  s e r i e s  o v e r  t h e  h a l f - p e r i o d s  
( 0 , 7 z )  i n  0  a n d  0 .  B y  t a k i n g  n  a s  u n b o u n d e d  t h e  w e l l -
k n o w n  m e t h o d s  o f  F o u r i e r  a n a l y s i s  m a y  b e  u s e d  t o  s h o w  t h a t  a  
l a r g e  c l a s s  o f  f u n c t i o n s  F ( x , y )  c a n  b e  e x p r e s s e d  i n  t h e  
c h o s e n  f o r m .  H o w e v e r  i n  w h a t  f o l l o w s  w e  t a k e  n  a s  b o u n d e d ,  
a n d  i n  g e n e r a l  a n y  a r b i t r a r y  f u n c t i o n  F ( x , y )  c a n  o n l y  b e  
e x p r e s s e d  a p p r o x i m a t e l y  b y  t h e  e x p r e s s i o n  ( 1 ) .  
N o w  i t  c a n  b e  s h o w n  t h a t ,  i f  p  i s  a n y  i n t e g e r  
l i m  	
(   s i n  2 n 0   
_  2 ( - 1 )
1 1 + 1 1  	
I  n  c o s e c  L !  ,  
i f  p  =  p  	 +  n ;  
k  c o s  -  c o s  e
i   
p  
P  
-  0 ,  	
i f  P  /  P .  
(  4  
)  
A l s o ,  i f  p  =  +  n  
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ti  sin 2n0 	 \ 	 4 n 
	
) 	 , as 0 
	
COS ' u-  cos 01 	 sin 0 (5) 
It follows, from (4) and (5) in (1), that 
F = (-Iry Urn 	 lim I pv 	 b b sin 0 sin 0 F(x,y)-1 4n2 
	
v 	
, 
	 (6) 
where, as before, b = 1 if p ± n, and b = if p = + n. 
The limits are of course easily written down unless p or v 
equals + n. It will be seen that the advantage of the 
representation (1) lies in the ease with which the coefficients 
Fpv  of the series are expressible in terms of the values of the 
function it represents. If the value of F(x,y) is known only 
	
at the lattice points (s ss 
v
)„ where pl v 	 -n, -n+1, 	 n-1,n, 
and 
:. 
, c1 	 -1 sp. 	 7 1 + sin ., 
	
, i.e. (4. = cos-1 	
il
)p ..(7) 
rp  
then the right-hand side of (1) may be regarded as an interpolor 
tion folnula for F, giving its value at all intermediate points. 
Let us now put 
(0) = ; 	 sin 0 sin 2n0  In 
cos - cos 0 
o 	 p 
   
 
2 do (8) 
 
cos 0 - cos 
   
Then substituting from (3) and integrating by ports 
2n 
I (g) = 2(-1)11441 	 bk-n  co- k ip cos k0 In 	
2 	 dO 
o k=o 	 loos 0-cos QS 
= 2(-1)n+11  2 	 In
2  (10 - 
I
o 	
!cos 0-cos 0! 
ell 
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	 ! 
cos e cos 
k=1 	 0 	 J 1 
% 
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•  	
. . 7 „ '  
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-
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Using (0, this equation can be written as 
2 n 
	 n 
I - 7' 	 '-`7 	 •::::" - 	 lim 	 lira I b b.. sin 0 sin 0 F(xiy 
- 2 8n .., 	 e:. 	 v p.=-n v=-n 	 o ---,'Y'i 0--''t-1, —11 v  
2n 1 9  
where 	 alAv  = log 2 + 2S t bi-c_n  cos k ci.' i  cos 4,  v. 
k=1 
In particular if F(x,y) is bounded at the edges of the region of 
integration, from (7),  
= 
	
n-I 	 n-1 c,.----, 
	
-__ 	
-., 	 c 	 F(s 
-- • 	 v 	 P. •-...-____ ..:; 
p.=-n+1 v=-n+1
Il 
 
2 
where c = —a sin /.• sin 
	
2 	 v 	 V 8n 
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